Abstract. We study special unipotent representations attached to exceptional Richardson orbits, and verify a conjecture of Vogan for almost all local systems of such orbits. As a result, we give some calculations of the Lusztig-Vogan bijection for these local systems.
1. Introduction 1.1. Special Unipotent Representations. In [BV] , Barbasch and Vogan studied special unipotent representations for complex simple Lie groups G. These representations are widely applied in various areas of representation theory. One application is the Orbit Method, which suggests that one can attach a unitarizable representation to each coadjoint orbit in the (dual of) Lie algebra Lie(G). In a recent work of Barbasch [B3] , the special unipotent representations corresponding to a classical, smoothly cuspidal nilpotent orbit O are proved to be the 'correct' representations attached to O (see Section 1.3 for details). However, such relations remain unknown for exceptional orbits.
One of the goals of this manuscript is to establish such relations for exceptional Lie groups. To do so, let G be a complex simple Lie group with Lie algebra g, and e ∈ O be a nilpotent element in g with G e being the stabilizer subgroup of G. Lusztig in [L1] defined a quotient A(O) of the component group A(O) := G e /(G e ) 0 . Writing K as a maximal compact subgroup of G whose complexification is equal to K C ∼ = G, then the special unipotent representations are (g C , K C )-modules given by {X O,π | O special orbit, π irreducible representation of A(O)}.
More precisely, the infinitesimal character of X O,π is given by the W × W -conjugacy class of ( of virtual K C ∼ = G-modules, we have:
where Λ + is the collection of all dominant weights corresponding to G and a O,π (λ) ∈ Z.
In this manuscript, we focus on the smallest and largest λ such that a O,π (λ) = 0, and denote them as ψ(O, π) and Ψ(O, π) respectively. A priori, ψ and Ψ are not well-defined. The author in [W2] proved the welldefinedness and injectivity of Ψ for classical special orbits. On the other hand, ψ(O, π) is the highest weight of the lowest K C -type in X O,π .
In theory, one can use Theorem III of [BV] to compute ψ(O, π) and Ψ(O, π), but often times the expression in the theorem hinders its simplicity for some Richardson orbits.
Example 1.1. Let O = [2, 2, 2, 2] be a nilpotent orbit in sp(8, C). Using the character formula in Theorem III and Proposition 6.6 in [BV] , the two special unipotent representations have character formulas: where X λ 1 λ 2 = X(λ 1 , λ 2 ) = K − finite part of Ind G B (e (λ 1 ,λ 2 ) ⊗ 1) is the principal series representation with K C -types equal to Ind G T (λ 1 − λ 2 ). In fact, they are both parabolically induced modules, and the formula can be simplified to
l(w) X 210 − 1 w( 210 − 1) ;
(−1) l(w) X 210 − 1 w( 10 − 1 − 2) .
The Lusztig-Vogan Map.
In [AS] , Achar and Sommers gave a conjecture about the image of the Lusztig-Vogan map Γ for classical nilpotent orbits (see Section 8 of [V3] for a definition of Γ). In particular, they conjectured that for all semisimple element h ∨ of a Jacobson-Morozov triple of O ∨ , there is a local system ρ of the Lusztig-Spaltenstein dual
In [W2] , the author proved the conjecture by relating the two 'maps' Ψ and Γ, and computing Ψ explicitly for all special classical orbits. Along the same line, we give a conjecture on the image of Ψ for exceptional nilpotent orbits.
Before doing so, we introduce some notations for conjugacy classes and irreducible representations of symmetric groups. A conjugacy class C ⊂ S n is given by a partition {c 1 ≥ c 2 ≥ · · · ≥ c m } specifying its lengths of cycles. Moreover, we have a partial ordering on partitions of n as follows -let D = {d 1 ≥ d 2 ≥ · · · ≥ d p } and F = {f 1 ≥ f 2 ≥ · · · ≥ f q } be two partitions of n, we say D ≥ F if
for all l ≥ 1. In fact, for n ≤ 5, the partial ordering between partitions C 1 = {n} > C 2 = {n − 1, 1} > · · · > C no. of partitions = {1, 1, . . . , 1} is strict. On the other hand, the irreducible representations of S n can also be described by partitions. More precisely, for each partition C = {c 1 ≥ c 2 ≥ · · · ≥ c m }, we write π C = c 1 ≥ c 2 ≥ · · · ≥ c m to describe an irreducible representation of S n . For example, if A(O) = S 3 , then 3 , 2, 1 , 1, 1, 1 corresponds to the trivial, reflection and sign representations respectively.
Recall in [L2] that Lusztig partitioned all nilpotent orbits in g into special pieces, where each special piece contains a unique special orbit. Let S Osp be the special piece containing the special orbit O sp , then Lusztig parametrizes each O ∈ S Osp by a conjugacy class C ⊂ A(O sp ). In particular, the corresponding conjugacy class for O = O sp is the trivial class C = {1, . . . , 1}. We make the following: 
where
We will prove the following Theorem: 
In fact, Barbasch in [B3] showed that for all classical orbits satisfying A(O sp ) = A(O sp ), the above conjecture holds with π ′ = π. The work in [W2] shows the conjecture holds for all classical orbits.
For exceptional orbits, we will see in Section 2 and Remark 9.1 that X Osp,triv ∼ = R(O sp ) for all Richardson orbits and hence
One can therefore compare the values of Ψ(O sp , triv) = Ψ(O sp , n ) in Section 4 -Section 8 below with that of [CO] .
The case for the non-trivial local systems is more complicated. The work of Sommers in [S4] suggests how one can 'lift' all local systems π ∈ A(O) into finite-dimensional representations of a Levi subgroup L of G. In particular, if O is an even orbit, then L is defined by the nodes marked by 0 in its corresponding weighted Dynkin diagram. Among all possible lifts of π, we pick those with minimal lowest weights and call them minimal lifts of π. By the paragraph These lowest weights must lie in the root lattice of G.
The second main theorem of this manuscript is the following: 
A consequence of the above theorem is the following: For even orbits and one dimensional π, Vogan's conjecture (Conjecture 1.4) is equivalent to Conjecture 4.7.1 of [B3] , which in turn is known to be true by [S4] under our hypotheses, so we have Ψ(O sp , sgn) = Γ(O sp , sgn) for these orbits. Note that Barbasch hinted in [B3] that Vogan's conjecture holds for all special exceptional orbits O sp .
1.4. Structure of the Manuscript. In Section 2, we write down character formulas for all but four Richardson orbits specified in Theorem 1.3. Section 3 -Section 8 are devoted to proving Theorem 1.3 for these orbits, and Section 9 finishes the proof of Theorem 1.3 by studying the four exceptional orbits individually. Section 10 gives the proof of Theorem 1.5 and its relations with Vogan's conjecture.
1.5. Acknowledgements. The author would like to express his gratitude to Eric Sommers for pointing out the reference [FJLS] and carefully explaining his work to the author.
Special Unipotent Representations
In this section, we write down the special unipotent representations corresponding to most exceptional Richardson orbits O sp . More precisely, we will study all orbits covered in the following proposition:
Proposition 2.1. Let O sp be an exceptional Richardson orbit other than
Proof. It is known that µ is birational if [G e : P e ] = 1. This holds when A(O sp ) = 1. Also, by the results in [McG1] , the map is birational when O sp is even (so that the Levi subgroup L is given by the nodes marked with 0's). By checking the tables in [CM] , we are only left with
along with the four orbits mentioned in the proposition. Indeed, we can apply Lemma 5.5 in [FJLS] to check birationality of µ, which says that for any e ∈ O sp , the number of components in µ −1 (e) is equal to
where σ Osp,ψ is the Springer representation H top (B e ) ψ . One can use the table in [Alv] to check that the above value is equal to 1 for the orbits in (3) (and is equal to 2 for the other four orbits). Since µ is birational if and only if this value is equal to 1, the result follows.
We now write down the character formulas of the special unipotent representations X Osp,π . As mentioned in the Introduction, the infinitesimal character of X Osp,π for all π is equal to (a W × W -conjugate) of ( [BV] and Theorem A in the Appendix, the irreducible quotient X(λ, wλ) of the principal series representation X(λ, wλ) has associated variety greater than or equal to O sp . The special unipotent representations are the X(λ, wλ)'s with associated variety AV (X(λ, wλ)) = O sp . Note that by Theorem 1.5 of [BV] , X(λ, wµ) ∼ = X(xλ, xwµ) for all x ∈ W . So we can begin with any W -conjugate of λ.
The theorem below is a generalization of Proposition 9.11 of [BV] : 
, 5, and
Proof. The case-by-case proofs of statements (a) and (b) will be postponed to Section 3 -Section 8. Assuming the results of (a) and (b) hold, then for each λ i , let I(λ 1 , λ i ) be as defined in Section 9 of [BV] such that
and its composition factors must consist of special unipotent representations attached to O. Using the arguments in 9.11 -9.21 of [BV] , one can see I(λ 1 , λ i ) = X(λ 1 , λ i ) and (c) follows. [J] for example),
as mentioned in Section 1.3. We will get the same conclusion for the four specified orbits in Remark 9.1.
Proof of Theorem 1.3 -General Case
In Section 4 -Section 8, we write down the details for Theorem 2.2 and Theorem 1.3 for all Richardson orbits other than the four specified in the theorem. For each orbit O sp , we give 
where w 0 is the longest element in W (l). The value of Ψ(O sp , π C i ) is recorded on the second last column of the tables in terms of the weighted Dynkin di-
we are studying in Section 4 -Section 8. And the last column records the orbit O ∨ whose Dynkin element h ∨ is given by the previous column, which verifies Theorem 1.3 for all but four exceptional Richardson orbits.
G 2 Orbits
The exceptional group G 2 has three Richardson orbits. Fix the Dynkin diagram of g by:
F 4 Orbits
The exceptional group F 4 has nine Richardson orbits. Fix the Dynkin diagram of g by 1 2 2 3 4 with simple roots: 6. E 6 Orbits
The adjoint exceptional group E 6 has fifteen Richardson orbits. Fix the Dynkin diagram 1 2 3 4 5 6 with simple roots: 7. E 7 Orbits
The adjoint exceptional group E 7 has twenty seven Richardson orbits excluding A 4 + A 1 and D 5 (a 1 ). Fix the Dynkin diagram 1 2 3 4 5 6 7 with simple roots: 
21
( 8. E 8 Orbits
The exceptional group E 8 has thirty two Richardson orbits excluding 
, 
Note that we have Ψ(E
, and Conjecture 1.2 holds for
This finishes the proof of Theorem 1.3. 
Remark 9.1. For the four orbits above, the sum of the two special unipotent representations attached to
However, the multiplicity of D 5 (a 1 ) in R(D 5 (a 1 )) is one, while the multiplicity in X D 5 (a 1 ),triv ⊕ X D 5 (a 1 ),sgn is greater than one. 
Proof of Theorem 1.5
Before going to the proof of Theorem 1.5, we would like to see how this theorem is related to Vogan's conjecture (Conjecture 1.4) for even orbits O sp . For such orbits, the grading of g given by the adjoint action of the semisimple element of a Jacobson-Morozov triple of O sp has g 0 = l, g ≥2 = n, where l is the Levi subalgebra where O sp = Ind g l (0) is induced upon. Assuming Theorem 1.5 holds, i.e. (λ 1 − λ i ) ∼ ψ(O sp , π C i ) ∼ µ min,π ′ , and V λ 1 −λ i is one-dimensional, then there exists a parabolic p ′ = l ′ + n ′ with l and l ′ of the same type such that as K C ∼ = G-modules,
Since Conjecture 4.2 of [S4] holds in this setting, the latter is isomorphic to R(O sp , π ′ ), and we have
There are four main steps in the proof of Theorem 1.5. We denote ω i to be the fundamental weight corresponding to the node labeled with i in the Dynkin diagrams of G 2 , F 4 , E 6 , E 7 , E 8 given in Section 4 -Section 8 above: Step 1, we only need to prove the theorem for π = 1 2 = sgn ∈ A(O sp ). From the table in Section 8, ψ(O sp , 1 2 ) = ω 1 , and the table in [S4] says V ω 1 is a lift of 1 3 ∈ A(O sp ). Since |ω 1 | 2 = 2 has the smallest possible nonzero norm in the root lattice of E 8 , it is a minimal lift of 1 3 and hence ψ(O sp , 1 2 ) corresponds to 1 3 ∈ A(O sp ).
Step 2 reduces Theorem 1.5 to O sp with A(O sp ) = A(O sp ). We now turn to the tables in [S4] , which give some (possibly non-minimal) lifts V λ of each local system π ∈ A(O sp ) = A(O sp ). 
For the sign representation π C 3 = 1 3 , the table in [S4] says V ω 4 descends to π C 3 , while ψ(O sp , π C 3 ) = ω 6 . As in the previous subsection, in order for a one-dimensional representation V λ of L to be descended to A(O sp ), λ must be in the root lattice of the form λ = (−3a, a, a, a, b, b , b, −3b) using our realization of simple roots in Section 7. The smallest non-zero norm of λ is equal to six.
We claim that µ 3 = (
gives our desired minimal lift. To check that it is the sign representation, one needs to use Proposition 1.5 of [S4] to check its trace is equal to −1 for the 2-cycles. Using the notations of the Proposition,Π\J = {α 7 }, h = (
2 ) and h 1 = (
So the trace of the 2-cycle is equal to (−1) coef f icient of α 7 = (−1) 1 = −1 as required.
To find a one-dimensional representation V λ of L that descends to A(O sp ), λ must be of the form λ = (a, a, 0, 0, 0, 0, 0, b) such that w ′ λ lies in the root lattice spanned by nodes 3, 4, 5, 6, 7, 8 in the Dynkin diagram given in Section 8, and w ′ is an element conjugating h = (2, 2, 0, 0, 0, 0, 0, −8) to h ′ = (−4, −4, 4, 2, 2, 0, 0, −4).
One can check that µ 2 = (1, 1, 0, 0, 0, 0, 0, 0) ∼ ψ(O sp , π C 2 ) satisfies the above criterion. So V µ 2 descends to a one-dimensional representation of A(O sp ). To check whether it is the sign representation, note that in this caseΠ\J = {α 5 , α 7 , α 8 } and h 1 = (3, 1, −1, −3, −5, 1, −1, 5). For a
2 ) = α 2 + α 3 + 2α 4 + 3α 5 + 2α 6 + 2α 7 + α 8 . So the trace of the 2-cycle is equal to (−1) coef f icient of 3α 5 +2α 7 +α 8 = (−1) 1 = −1 as required.
Below is the list of all even O sp with A(O sp ) = A(O sp ), such that the lifts V λ of π given in the tables of [S4] do not conjugate to ψ(O sp , π). In each case, we give a minimal lift V µ i such that µ i is a conjugate of ψ(O sp , π).
STEP 4: Theorem 1.5 holds for all even orbits. We are left to prove that when A(O sp ) = A(O sp ) and the values of ψ(O sp , π) matches with that in the tables of [S4] , then V ψ(Osp,π) indeed gives a minimal lift of the local system π. This can be proved by looking at the smallest possible norms of |λ| for all lifts V λ of π. The arguments for the orbit E 8 (a 7 ) in E 8 below are valid for all other orbits:
, λ must be in the root lattice of the form:
• dim V λ = 1: λ = (a, a, a, a, 0, 0, 0, −4a).
• dim V λ = 4: λ = (a + 1, a, a, a, 0, 0, 0, −4a − 1) or (a + 1, a + 1, a + 1, a, 0, 0, 0, −4a − 3).
• dim V λ = 6: λ = (a + 1, a + 1, a, a, 0, 0, 0, −4a − 2). • dim V λ = 1:
• dim V λ = 4:
|λ| 2 = 12 (ω 3 , (0, 1, 1, 1, 0, 0, 0, −3)).
• dim V λ = 5:
; |λ| 2 = 8 (ω 6 , (−1, −1, −1, −1, 0, 0, 0, 2)).
• dim V λ = 6: 
(D 4 (a 1 ), 21 ).
Appendix: Special Unipotent Representations with Half Integral Infinitesimal Characters
Let G be a complex simple Lie group, with Lie algebra g, with L g being its Langlands dual. In [BV] , Barbasch and Vogan defined and studied special unipotent representations given by the following: The main results in [BV] were proved under the condition that λ O ∨ integral, i.e. O ∨ is even, and the representations in Π(O ∨ ) are called integral special unipotent representations. In this setting, they proved that elements in Π(O ∨ ) have associated varieties equal to O. Also, the number of irreducible modules in Π(O ∨ ) is equal to the number of irreducible representations of the Lusztig quotient A(O ∨ ). Their character formulas are also written down explicitly.
For half integral λ O ∨ , it was only stated (but not proved) in the last paragraph of Section 1 in [BV] As mentioned above, Theorem A is known to be true for all even O ∨ , so we only study the special, non-even orbits. Since there are no such orbits in G 2 , we simply skip this case.
The main tool for the proof of the theorem is the Kazhdan-Lusztig conjecture, which states that the character theory of (g C , K C )-modules with infinitesimal character λ O ∨ can be reduced to that of the Lie subalgebra g ′ of g with roots α in g satisfying α ∨ , λ O ∨ ∈ Z. Upon restricting to g ′ , one can reduce to the setting where [BV] applies.
A.1. Classical Lie algebras
Using Proposition 2.2 of [W2] , we describe all special nilpotent orbits in L g of type B, C and D as follows:
orbit. Separate all even rows (which must be of the form r 2l−1 = r 2l−2 = α), along with odd row pairs of the form r 2l = r 2l−1 = β and get
Separate all odd rows (which must be of the form r 2l−1 = r 2l−2 = α), and even row pairs of the form r 2l = r 2l−1 = β and get
non-very even orbit. Separate all even rows (which must be of the form r 2l−1 = r 2l−2 = α), and all odd row pairs r 2l = r 2l−1 = β and get
By Proposition 2.2 of [W2] , A(O ∨ ) = (Z/2Z) q , regardless of the number of α i 's and β j 's.
For any special orbit O ∨ , consider
where P ∨ is the orbit of the same type as O ∨ without α i 's. Note that P ∨ is even with A(P ∨ ) = A(O ∨ ) and the results in [BV] hold for P ∨ . More precisely, the coordinates of λ O ∨ consists of:
• L g of Type C: half-integers coming from P ∨ , integers coming from
Let L g ′ be the Lie subalgebra of L g whose roots are given by the roots
is of Type C. By the Kazhdan-Lusztig conjecture, we can reduce our study of special unipotent representations attached to O ∨ in L g to that of
Both orbits are even in the respective Lie algebras, so [BV] applies. We now focus on the second orbit -in fact, [α 1 , α 1 , . . . , α x , α x ] has trivial Lusztig quotient, and the smallest associated variety attached to this orbit is equal to its Lusztig-Spaltenstein dual given by:
Note that the above orbits, written in round brackets, are described in terms of the columns of its Young diagram. Therefore, the special unipotent representation attached to [α 1 , α 1 , . . . , α x , α x ] must be equal to Ind
Taking into account the (Z/2Z) q special unipotent representationsX P ∨ ,π ∈ Π(P ∨ ), we conclude that
(Compare this with Equation (5) • L g of Type B: O ⊂ g is of Type C, and is equal to
• L g of Type C: O ⊂ g is of Type B, and is equal to
• L g of Type D: O ⊂ g is of Type D, and is equal to
In particular, the Lusztig-Spaltenstein dual P of P ∨ is equal to the above expressions without the α i 's. Since the associated variety for each of X P ∨ ,π is equal to P, the associated variety for each of the element in Π(O ∨ ) is equal to the closure of
(the above equality follows from applying Corollary 7.3.4 of [CM] repeatedly on each gl factor), which is precisely equal to O as required.
A.2. Exceptional Lie algebras
Let O ∨ ⊂ L g be an exceptional, special nilpotent orbit with λ O ∨ not integral. As in the previous section, let L g ′ be the Lie subalgebra of L g whose roots are given by the roots α ∨ in L g satisfying α ∨ , λ O ∨ ∈ Z. In F 4 , E 6 or E 7 , L g ′ consists only of classical factors. In E 8 , L g ′ is either equal to
Then we take a slightly different approach from the previous section to determine the special unipotent representations (c.f. Section 5 of [BV] ). This method applies for all simple Lie algebras, and works especially well when the rank is small.
Consider the subcollection of roots
The character theory of
Since g ′ is classical when g is of Type F 4 , E 6 and E 7 , Theorem A can be verified from its validity for classical Lie algebras. Similarly, Theorem A for E 8 can be verified from its validity for E 7 .
More precisely, consider the Springer representation σ of the Weyl group W (G ′ ) (ρ C ) are precisely the irreducible representations appearing in the character formulas in Theorem III of [BV] . Therefore, |Π(O ∨ )| is equal to the number of conjugacy classes of A(O ′ ). We will check case-by-case that A(O ′ ) ∼ = A(O) ∼ = A(O ∨ ), so that the last statement of the theorem holds.
In the following subsections, we list all O ∨ with non-integral λ O ∨ and its Lusztig-Spaltenstein dual O. We will give their corresponding O ′ ⊂ g ′ and σ ′ ∈Ŵ (G ′ ) described in the previous paragraphs. One can check from [AL] and [L1] The computations below are carried out by LiE [LiE] and MATLAB.
A.2.1. F 4 . The results for F 4 are as follows:
[711]
( (1), (3) 
